Mixing due to sheared salt fingers is studied by means of direct numerical simulations (DNS) of a doublediffusively unstable shear layer. The focus is on the ''moderate shear'' case, where shear is strong enough to produce Kelvin-Helmholtz (KH) instability but not strong enough to produce the subharmonic pairing instability. This flow supports both KH and salt-sheet instabilities, and the objective is to see how the two mechanisms work together to flux heat, salt, and momentum across the layer.
Introduction
The interaction of salt fingers with shear is a problem of long-standing interest (e.g., Linden 1974; Kunze 1990 Kunze , 1994 St. Laurent and Schmitt 1999; Wells et al. 2001; Radko and Stern 2011) . Salt-fingering instability is common in the midlatitude thermocline (Stern 1960; Schmitt 2003) , where it coexists with shear because of internal wave interactions (e.g., Munk and Wunch 1998) . When fingering instability is especially strong, it forms thermohaline staircases, stacked layers of well mixed fluid separated by interfaces where stratification is strong and fingering is intense (Schmitt et al. 1987) . Staircases can drive water-mass transformations that ultimately influence the general circulation (Schmitt et al. 2005) . In a staircase, gravity wave shear is focused in the strongly stratified interfaces (Gregg and Sanford 1987) . In the presence of lateral gradients, salt fingering can drive finescale interleaving (Stern 1967; Ruddick and Kerr 2003; Ruddick and Richards 2003) . In addition to modulating the ambient internal wave field, interleaving motions generate shear directly in the fingering layers.
In a sequence of theoretical and numerical studies Kimura and Smyth 2007; Kimura et al. 2011) , we have modeled a sheared fingering layer as a stratified shear layer of hyperbolic tangent form with thermohaline stratification in the salt-fingering regime. Our computations describe instabilities that emerge after the shear has become established. 1 We began with the linear theory for small perturbations and established that linear growth rates of fingering and shear-driven instabilities are comparable in much of the oceanic parameter range. Kimura and Smyth (2007) described the first direct numerical simulation (DNS) of this flow geometry. This revealed a sequence of secondary instabilities that led to turbulence with characteristics of both shear forcing and salt fingering.
We now explore beyond the single example described by Kimura and Smyth (2007) by simulating a variety of initial flow states spanning the oceanic parameter regime. In a companion paper , we examine what we call the ''weak shear'' regime, defined by the condition that the minimum Richardson number Ri exceed the critical value 1 /4 (Ri is the nondimensional ratio of squared buoyancy frequency to shear, which is defined explicitly in section 2b). Weak shear causes salt-fingering instability to favor a two-dimensional (2D) planform with rising and sinking sheets of fluid [''salt sheets'' (SS)] aligned parallel to the sheared flow (Linden 1974) . Shear also modifies the secondary instabilities via which flow becomes turbulent, but it is not strong enough to produce Kelvin-Helmholtz (KH) instability (Miles 1961; Howard 1961) . In this regime, the geometry of the primary instability is reflected in the anisotropy of the mixing scales and can therefore seriously affect the interpretation of observational microstructure data. Values for various nondimensional mixing parameters are surprisingly consistent with the predictions of linear theory. Perhaps the most significant result in this regime is that the imposition of a weak shear reduces the rate of mixing.
In the present paper, we address the ''moderate shear'' regime 0.18 # Ri # 0.25. In these flows, shear is strong enough to produce the primary KH instability but is insufficient to produce the subharmonic pairing instability (Collins and Maslowe 1988; Klaassen and Peltier 1989) found at smaller Ri. Although the condition Ri , 1 /4 is rarely observed directly, it is thought to occur sporadically through random wave interactions (e.g., Muller et al. 1986; Munk and Wunch 1998) , and its outcome in the form of KH billows has been clearly identified in the thermocline (e.g., Woods 1968; Kunze et al. 1987) .
There are several reasons to suspect that moderate shears, as defined above, are more common than stronger shears (Ri , 0.18). First, any shear layer that is accelerated to an unstable state must enter the moderate shear regime first, and the resulting instability acts to retard the acceleration before lower values of Ri are attained. Second, we are unaware of any clear observation of the pairing instability in stratified oceanic flows. Third, the ''braids'' that separate observed KH billows (Seim and Gregg 1994; Geyer et al. 2010) generally have tilt angles much shallower than the 308-458 values that characterize billows in strong shear (e.g., Smyth 2003) , suggesting that Ri is not much smaller than 1 /4. In assessing the competition between salt sheets and shear-driven instability, it is tempting to assume that the former are less important because they are driven by the molecular terms in the equations of motion. However, the linear, normal mode growth rate of salt sheets does not scale with the molecular diffusivities but rather with the buoyancy frequency. In the ''tall finger, viscous control '' approximation (e.g., Stern 1975; Kunze 1987; Smyth and Kimura 2007) , the growth rate for salt fingers (or, equivalently, for salt sheets) becomes
where N is the buoyancy frequency (assumed uniform in this approximation), R r is the density ratio (see section 2b for detailed definitions), and
The function f SS (R r ) is of order unity for common oceanic values of R r and decreases monotonically with increasing R r . In a hypothetical fluid with reduced molecular diffusivities, the salt-sheet wavenumber increases, increasing the gradient that the reduced diffusivities work against and leaving the heat and salt fluxes that drive the instability unchanged. In fact, the growth rates of salt sheets and KH instability are similar over oceanographically common ranges of Ri and R r . The latter growth rate is given by
where S is the vertical shear of the horizontal current and f KH is a function of Richardson number that decreases monotonically from ;0.19 at Ri 5 0 and becomes 0 for Ri $ 0.25 (Hazel 1972) . This similarity in growth rate does not mean that salt sheets and KH billows are equally important as mixing mechanisms. It could be that nonlinear effects favor one or the other or that one mixes the fluid more efficiently. The present DNS experiments are designed to address those possibilities. As a heuristic first look, consider a simple model of a mixing layer in which the profiles of temperature, salinity, and velocity remain proportional to one another as the layer thickens: that is, the vertical scales over which the three quantities change are all equal to a single length h(t) that increases in time. In that case, the quantities that determine s SS and s KH vary with h(t) as follows:
Substituting (3) into (1), we see that s ss decreases in proportion to h
21/2
, so the layer's ability to support the saltsheet instability diminishes as h increases. In comparison, (2) shows that s KH decreases like h 21 from its shear dependence alone and more so because of the unspecified decreasing function f KH (Ri). Therefore, the ability of the
thickening interface to sustain KH instability diminishes more rapidly than its ability to support salt sheets. Moreover, in this scenario the upper limit for KH instability, Ri 5 1 /4, is reached in finite time, whereas the corresponding limit for salt sheets, R r 5 1/t (where t is the ratio of saline to thermal diffusivity; see section 2b), is never reached. We will see that layer thickening is much more complicated than the picture sketched above. Nonetheless, we will not be surprised to find that, if salt sheets and KH billows start off with similar growth rates, salt sheets will eventually dominate.
In this paper, we use DNS to explore the complex interactions between salt sheets and KH billows and the statistical characteristics of the resulting turbulence. Our methodology is described in section 2. In section 3, we give a brief overview of the sequence of events leading to turbulence. In section 4, we compute diapycnal fluxes and effective diffusivities needed for larger-scale modeling and for interpretation of observational data. In section 5, we explore the evolution of the interface thicknesses and related mean flow parameters. We discuss the dissipation ratio G in section 6. In section 7, we investigate the sensitivity of the results to certain parameters whose oceanic values are difficult to reproduce in DNS. Conclusions are given in section 8.
Methods

a. The mathematical model
Buoyancy b is defined with respect to the characteristic density r 0 and gravitational acceleration g as b 5 2g(r 2 r 0 )/r 0 . We assume that the total buoyancy is a simple sum of thermal and saline contributions, b 5 b T 1 b S , each governed by an advection-diffusion equation,
Thermal and saline diffusivities are uniform and are given by k T and k S , respectively, and, D/Dt 5 ›/›t 1 u Á $ is the material derivative. The velocity field u(x, y, z, t) 5 (u, y, w) is nondivergent and is measured in a nonrotating, Cartesian coordinate system (x, y, z). The flow is forced by the gradient of the reduced pressure p 5 p/r 0 and in the vertical by the net buoyancy b. The Boussinesq approximation is assumed. Velocity is diffused by a Laplacian operator with uniform kinematic viscosity n. The resulting equations are
The unit vector k points opposite to gravity.
Boundary conditions are periodic in the horizontal, f(x 1 L x , y, z, t) 5 f(x, y 1 L y , z, t) 5 f (x, y, z, t). Upper and lower boundaries at z 5 6L z /2 are impermeable (w 5 0) and flux free (›u/›z 5 ›y/›z 5 ›b T /›z 5 ›b S /›z 5 0). These are placed far enough from the interfacial layer to exert little influence on the early flow development. Simulations are terminated when the disturbances of interest approach the boundaries.
Initial mean profiles are chosen to represent a stratified shear layer,
The layer is centered at z 5 0 and has thickness 2h. In discussion of thermohaline staircases, it is common to refer to this layer as a step or an interface, even though its nonzero thickness is now thought to be important (e.g., Gregg and Sanford 1987; Kunze 2003) . Here, we adopt the term ''interface,'' except when its thickness is relevant, in which case we use the term ''interfacial layer.'' The quantity DB 5 DB T 1 DB S is the half change in net background buoyancy across the interface. Background shear is quantified in terms of Du, the half change of background velocity. This background flow is supplemented by a small perturbation added for computational efficiency. The perturbation has two parts. The first is the sum of the fastest-growing eigenfunctions of the Kelvin-Helmholtz and salt-sheet mode from linear theory . These are normalized such that the maximum vertical displacement of each is 0.02h. This value was arrived at after significant trial and error. Amplitudes much smaller than 0.02h allow viscosity to alter the mean flow before the instability grows, whereas much larger values generate artifacts from the nonlinear terms resulting in amplitude dependence. The second perturbation is a random velocity field focused in a thin layer surrounding the center of the interface. This is needed to initialize subharmonic secondary instabilities of the salt sheets but is made as small as possible so as not to obscure the interactions of the primary KH and salt-sheet modes. The amplitude chosen was such that the maximum value of any velocity component is 10
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Du. This random velocity field adjusts to a nondivergent state after the first time step.
The semispectral numerical code used to advance (4) and (5) is a modified version of that described by Winters et al. (2004) . Saline buoyancy is resolved with half the grid spacing used to resolve the other fields (Smyth et al. 2005) .
b. Parameter values
To minimize the number of input parameters, one could nondimensionalize this problem using h as the length scale and h/Du as the time scale. Any integrated solution quantity f (e.g., eddy diffusivity) could then be expressed in nondimensional form as
where the rational numbers a and b are chosen to give the appropriate dimensions for f and the remaining nondimensional parameters are defined below. The gradient Richardson number is defined as
where the squared buoyancy frequency and the shear magnitude are N 2 5 ›b ›z , and S 5 ›u ›z 2 1 ›y ›z
The bulk (minimum) Richardson number at t 5 0 is DBh/Du 2 . This is the parameter whose value must be less than 1 /4 to permit KH instability. The buoyancy ratio R r is defined as
At t 5 0, it has the uniform value 2DB T /DB S . The Reynolds number is defined in terms of the initial half-velocity change and the half thickness Re 5 Duh n .
A conceptually useful alternative to the Reynolds number is the ratio of finger width to interface thickness, which we call the aspect ratio m. Using the ''tall fingers'' approximation, the salt-sheet wavelength is l S 5 2ph/ (Re 2 RiPr) 1/4 , so that
The salt-heat diffusivity ratio is t 5 k S /k T , and the Prandtl number is Pr 5 n /k T . We can further reduce the number of variable parameters by choosing the domain lengths in terms of the known geometry of KH and salt-sheet instabilities (e.g., Smyth and Kimura 2007) . For the present experiments, L x is set to 2ph/0.47, a very close approximation to one wavelength of the KH instability. The domain height is chosen large enough to have no significant influence on the results; we have found that L z 5 L x is sufficient. The term L y is usually chosen so as to accommodate four wavelengths of the salt-sheet instability, L y 5 4l S (sensitivity tests with two and eight wavelengths have convinced us that this value is appropriate).
The quantities Pr and t are molecular properties of saltwater that vary little over the small-scale mixing events considered here and are therefore taken to be constants. Typical oceanic values are Pr 5 7 and t 5 0.01. In the present simulations, we choose Pr 5 7 and t 5 0.04. The latter choice is a compromise due to computer hardware limitations. Where appropriate, we attempt to assess the difference that reduction of t to the realistic value 0.01 would make. The aspect ratio m is also limited by computational resources. Its value is expected to have little influence when m ( 1. Here, we choose m 5 0.10. Again, we will attempt to assess the impact of finite m on our results.
Our main interest is in the impact of the first two parameters of the argument list on the right-hand side of (7), Ri and R r . The standard necessary condition for KH instability is Ri , 0.25 (Miles 1961; Howard 1961 ). This condition is rarely observed in the ocean, although KH instability is common (Gregg 1987; Thorpe 1987; Geyer and Smith 1987; Seim and Gregg 1994; De Silva et al. 1996; Smyth et al. 2001) . It seems likely that small Ri values are either overestimated because of sampling limitations or are short lived:, that is, increased by mixing due to the resulting instability before they can be measured. The condition for salt-fingering instability is considerably more relaxed: 1 , R r , t 21 (e.g., Stern 1975 ). This condition is satisfied over large volumes of the ocean interior (You 2002) , though growth is very slow at high R r .
In the midlatitude thermocline, the density ratio is typically not far from 2.0. Lower values, typically less than 1.7, are needed to form staircases (Schmitt 2003) . To span the parameter regimes of interest, we use R r 5 1.6, 2.0, 3.0, and 25.0. The final value was chosen equal to 1/t to exclude the primary salt-sheet instability. For Ri, we use the values 0.18, 0.25, and 0.50. The latter two values exclude KH instability.
To place these parameter choices in the context of the linear theory for the primary KH and salt-sheet modes, we examine linear growth rate curves for the KH (blue) and salt-sheet (red) modes along two lines on the Ri-R r plane (Fig. 1) . In all cases, the growth rate is purely real. Line AD starts at a point where Ri 5 0.18, low enough to permit KH instability, but R r 5 25, which is marginally too high to allow salt sheets. We then reduce R r through a sequence of values ending at 1.6 (point D). The KH growth rate is essentially independent of R r and therefore does not vary, but the SS growth rate increases monotonically. At the second-to-last value, R r 5 2 at point C, the growth rates of the two modes are equal, and at point D the salt-sheet mode grows faster. Along line DF, R r is held constant at 1.6 while Ri is increased. The change in Ri has no effect on the salt-sheet growth rate, but it causes the KH growth rate to drop to zero near Ri 5 0.25 and to remain there. We therefore expect that only salt sheets will grow in cases E and F.
In what follows, we will not present our results in the nondimensional form (7). Instead, to facilitate comparison with observations, we use a dimensional form based on assuming a known value for the buoyancy frequency N. The dimensional length and velocity scales are then
We set N equal to 0.015 s
21
, a typical value for interfaces in a thermohaline staircase (Kunze 2003) . For the cases we consider most thoroughly here, h 5 0.16 m and Du 5 5.8 3 10 23 m s
. The initial layer thickness is smaller than usual for observed staircases, though it soon increases (section 5). In the Caribbean-Sheets and Layers Transect (C-SALT) staircase, interface thickness was estimated visually from profiles as 2-5 m (Gregg and Sanford 1987) . If the thickness of a hyperbolic tangent function were to be estimated in the same way, one might obtain at most 4h, or 0.6 m. We therefore have the classic problem of DNS: to resolve the smallest scales with finite memory, we must artificially reduce the largest. As a result, all conclusions are subject to revision as larger computers become available. Parameter values for 10 cases analyzed here are given in Table 1 .
Overview of flow evolution
Turbulence develops via a sequence of primary ( Fig. 1 ) and secondary instabilities. In the case of equal growth rates (case C), both KH and SS instabilities are clearly visible early in the flow evolution (Fig. 2a) . Also visible on the upper extremities of the salt sheets is a propagating secondary instability excited by the interaction of salt sheets and KH billows. To understand this instability, first imagine the salt sheets ''slicing'' the billows by advecting them alternately up and down at different cross-stream locations, as is illustrated in Fig. 2a . If the salt sheets were infinitely tall, this simple picture would be accurate. In the present case, however, the salt sheets have tips beyond which their influence decreases sharply. Buoyant fluid within each sheet is compressed against the ambient fluid, amplifying vertical gradients in temperature, salinity, and horizontal velocity. The net result of these gradients is to increase shear and reduce net stratification (i.e., reduce the Richardson number), as shown in Fig. 3 . Therefore, as a salt sheet grows, the region within it where S 2 . 4N 2 , or Ri , 1 /4, is displaced vertically away from the center of the interfacial layer and into regions where the background current is nonzero (arrows in Fig. 3 ). This promotes the growth of unstable modes with nonzero phase velocity: rightward (leftward) in upgoing (downgoing) salt sheets. The preference for propagating instabilities increases as the salt sheets grow, both because the gradients at the tips become stronger and because the unstable regions are displaced farther from the center of the interfacial layer where the horizontal velocity is greater. Because of its localized shape, the propagating mode excites motions on a range of length scales on the outer edges of the interfacial layer (Fig. 2b) .
FIG. 1. Growth rate curves for SS (red) and KH (blue) modes normalized by the buoyancy frequency and plotted as functions of Ri and R r . The Prandtl number, the diffusivity ratio, and the aspect ratio are fixed at Pr 5 7, t 5 0.04, and m 5 0.1, respectively. The methodology is described in Smyth and Kimura (2007) . Vertical dotted lines indicate values used for DNS. Within the interfacial layer, salt sheets manifest the zigzag (ZZ) mode of secondary instability (e.g., Holyer 1984; Stern and Simeonov 2005; see Fig. 2b ). Previous studies of this instability have focused on the two-dimensional case. Here, the background shear renders the primary instability two dimensional so that the similarity with the earlier results is clear.
Seen in Fig. 2b is a three-dimensional extension of the zigzag mode having a broadband structure in the streamwise direction that is manifested in quasi-horizontal streaks visible on the front face of the figure. These streaks have been suggested as the origin of the nearhorizontal laminae seen in shadowgraph images from the C-SALT experiment (Kunze et al. 1987; Kimura and Smyth 2010 , manuscript submitted to J. Mar. Res.).
This combination of primary and secondary instabilities leads the flow to a fully turbulent state (Fig. 2c) . In the interfacial layer, anisotropy due to the background shear is evident, whereas in the outer layer the turbulence consists mainly of convective plumes. In cases dominated by KH instability, transition occurs via the KlaassenPeltier (KP) secondary instability (Klaassen and Peltier 1991) .
Fluxes and diffusivities
The vertical fluxes through the interface are of primary importance in understanding the impact of salt fingers and KH billows on the larger-scale flow. Here, we define the fluxes of saline, thermal, and net buoyancy and horizontal velocity as
where the overbar denotes the horizontal average and the primes deviations from it. We begin the discussion by focusing on case C, where R r and Ri are such that the growth rates of the primary salt-sheet and KH instabilities are equal (section 4a). Note that, for different values of various secondary parameters (e.g., t, m, initial noise amplitude), the curve on the R r -Ri plane where these growth rates are equal is likely to shift (see section 7 for a fuller discussion). However, conclusions about the results of moving away from this curve in one way or another are likely to remain valid. Following the case of equal growth rates, we explore several cases in which growth rates are made unequal, first by varying R r to control the strength of salt-sheet instability and by varying Ri to alter the KH billows (section 4b).
a. The case of equal growth rates KH instability results in a downward buoyancy flux F b , 0, whereas salt sheets drive an upward buoyancy flux F b . 0. In case C, the buoyancy flux is dominated by salt sheets (Fig. 4) , except for a brief initial interval ending at t 5 1500 s during which downward flux due to KH is evident (see arrow). After this, salt-sheet-driven positive flux grows and spreads steadily until t 5 3300 s, beyond which the flux evolution changes dramatically. Within the interfacial layer, oscillations emerge with period ; 200 s. At the same time, the vertical extent of the flux begins to grow much more rapidly. This transition corresponds to the emergence of the propagating secondary instability described in section 3. Figure 2 shows both the wavelike features at the edges of the interfacial layer responsible for the periodic flux reversals and the plumes that carry the buoyancy flux outward. The wavelike oscillations in the interfacial layer destroy the coherent salt sheets (Fig. 2a) that had previously carried the strong buoyancy flux, and the central buoyancy flux drops to near 0. Around t 5 5000 s, the flux reaches the domain boundaries, and buoyant fluid begins to pool there. This effect propagates inward, progressively neutralizing the flux and signaling the end of the useful period of the simulation.
In the context of a thermohaline staircase, heat and salt fluxes across the interface are important both because they determine the net flux through the staircase and because they set the structure of the staircase. The saline buoyancy flux (Fig. 5, dashed) is generally positive. It grows exponentially in the linear regime, drops slightly as the KH billows are destroyed at t 5 1800 s, and then grows more rapidly with the onset of secondary instability. The destruction of the salt sheets around t 5 4000 s causes F bS to drop to near-0 values. The large values attained during the development of turbulence compare well with the DB S 4/3 law obtained by Kelley (1986) from the laboratory results of Schmitt (1979a) and McDougall and Taylor (1984) and conveniently summarized in Hebert (1988) ,
The thermal buoyancy flux (dashed-dotted curve in Fig. 5 ) evolves similarly to the saline flux except for the expected sign difference. The net buoyancy flux (solid), as seen above, starts off negative because of the initial dominance of KH instability but reverses sign as salt sheets attain large amplitude. Shown for comparison is an order of magnitude estimate based on setting the Stern number F b /nN 2 to unity (Stern 1969 reasonably well in the turbulent phase, though a higher Stern number (e.g., F b /nN 2 5 2) would give a better fit. The ratio of (minus) thermal to saline buoyancy fluxes is the flux ratio g. In the linear theory of small-amplitude salt sheets, this parameter is a simple function of R r (e.g., Stern 1960 Stern , 1975 Schmitt 1979b; Kunze 1987 Kunze , 2003 and is generally close to 0.6. In contrast, if one assumes that the saline and thermal diffusivities are equal, as is approximately true for shear-driven turbulence, then g 5 R r . This is very nearly true for KH billows, because salt and heat are advected together. In our case C, early values of g are between 0.6 and R r (Fig. 6, thin curve) , suggesting a combination of KH and salt-sheet influences. During the development of turbulence in the interfacial layer, g first oscillates and then converges to something very near the linear value for salt sheets. A more stable estimate is obtained by averaging the fluxes over the entire computational volume before taking the ratio (Fig. 6, thick curve) . This remarkable agreement between linear theory and fully turbulent flow was also noted by Kimura and Smyth (2007) .
Assuming that the centerline fluxes are driven by the local gradients, we can attempt to represent them via a diffusivity,
where the gradient is evaluated at the centerline (and similarly for the thermal buoyancy, net buoyancy, and momentum fluxes). Results are shown in Fig. 7 . In the linear regime (0 s # t # 1500 s), all effective diffusivities are positive and grow exponentially as expected. Near , which is 4 times the canonical value 10 25 m 2 s 21 for thermocline mixing (Gregg 1998 ). This condition is brief, though, lasting only as long as salt sheets remain coherent. As secondary instability destroys the salt sheets, the diffusivity drops to near zero (just as the centerline fluxes do in Fig. 5 ). The thermal diffusivity (dasheddotted) is considerably smaller than the saline diffusivity, as expected for salt sheets. The effective mass diffusivity (solid) is of similar magnitude but opposite sign, reflecting the tendency of salt sheets to create fluid of anomalous density that can then propagate large distances in the vertical, leaving behind amplified density stratification. The momentum diffusivity (dotted) is positive but extremely small, rarely even exceeding the molecular viscosity.
The centerline diffusivities discussed above give an incomplete picture, especially later in the simulation when strong fluxes driven by salt fingering move away from the centerline (Fig. 4) . These fluxes are nonlocal in nature; that is, they are independent of the local gradient. Nonetheless, we can form a diffusivity describing the whole volume by integrating (16) in the vertical and solving for K S . This results in
The second equality is valid until altered fluid contacts the boundaries. This approximation suggests that the integrated flux away from the layer depends on the property change across the layer, even though the flux and the gradient are not spatially collocated. The resulting diffusivities (Fig. 8 ) are similar to those found at the centerline (Fig. 7) , except that their maxima are smaller and they remain nonzero at late times, reflecting the propagation of salt fingers away from the interface. Oscillations near the diffusivity peak t ' 3500 s reflect the propagating secondary instability (section 3). These are not evident in the centerline diffusivities (Fig. 7) as the propagating mode is focused away from the centerline. As is evident in Figs. 7 and 8, the momentum diffusivity is very small in this simulation. This is generally true for salt sheets, as was predicted by Ruddick et al. (1989) and verified in the DNS of Kimura and Smyth (2007) . The Schmidt number Sc 5 K U /K S should be of order unity for KH billows but is predicted to be much smaller for salt sheets on the basis of linear theory . Early in the simulation, Sc lies between the saltsheet and KH regimes (Fig. 9) , reflecting the dual influence of those processes. For t . 7000 s, the centerline Schmitt number (thin curve) oscillates around the value predicted from linear theory . The value based on volume averages (thick curve) oscillates around zero, even becoming negative at times. This reflects the presence of off-axis fluxes that are not governed by the initial shear. These are most likely driven by the convective action of salt sheets far from the transition zone.
b. The influence of R r and Ri Figure 10 shows the buoyancy flux evolution for case B, where R r was increased to 3. The linear growth rate of the salt sheets is now significantly smaller than that of FIG. 6 . Flux ratio for case C based on volume-averaged fluxes (thick curve) and on fluxes at the centerline (thin curve). Horizontal lines indicate g 5 R r , the value for shear-driven turbulence, and g 5 0.59, the value for the fastest-growing linear SS mode. the KH instability. The negative buoyancy flux characteristic of KH instability is dominant until about 4500 s. Beyond that point, the flux becomes oscillatory because of both the nutation of the billow and the KP secondary instability (Klaassen and Peltier 1991) , which is convective in origin and hence drives an upward buoyancy flux. The buoyancy flux due to the salt fingers seen in Fig. 10 is much smaller than that due to the KH billows and is thus barely visible with this contour interval.
We next compare the evolution of the saline buoyancy flux across the interface for cases B, C, and D, in which Ri 5 0.18 and R r is set at 3 (with weak salt sheets), 2, and 1.6 (with salt sheets dominant). Fluxes at z 5 0 are shown in Fig. 11a . Figure 11b shows versions scaled by the laboratory-based law (15) and by the approximate growth rate (1). In each case, the flux grows to a maximum and then decays. Both amplitude and timing of the peak in flux are collapsed well by these scalings. (The pure KH case, case A, is omitted because it does not scale well, as expected.) In the first case (R r 5 3, dashed-dotted), the saline buoyancy flux is relatively small. Oscillations evident in Fig. 11b correspond to the nutation of the KH billow (e.g., Klaassen and Peltier 1985) . The flux is largest in the third case (R r 5 1.6, solid), with dramatic reversals around 2000 s , t , 3000 s because of the propagating secondary instability.
Comparing the evolution of the effective saline diffusivity in the same three cases (Fig. 12) , we see that K S is generally smaller at higher R r . Because the mixing event is both transient and spatially nonlocal, we do not attempt to capture the diffusivity in a single number but instead show how a maximally simple scaling can collapse the curves for the various cases. An exponential dependence on R r has been used previously in modeling studies (Walsh and Ruddick 1998; Mueller et al. 2007; Smyth and Ruddick 2010) . Here, we use this dependence with constants determined via a visual fit,
The dependence R À2.1 r used by Smyth and Ruddick (2010) and based on the 2D simulations of Stern et al. (2001) collapses the curves nearly as well.
From the examples with Ri 5 0.18 discussed above, we have seen that both fluxes and diffusivities are greatest when salt sheets are the dominant mixing mechanism and decrease as salt sheets are damped by increasing R r . We turn next to the dependence of the centerline saline diffusivity on Ri (Fig. 13) . We begin with case D (R r 5 1.6 and Ri 5 0.18), the case with the largest diffusivity of the previous sequence, and increase Ri to 0.25 (case E, dashed) and 0.50 (case F, dashed-dotted). KH instability is present in the first case, not in the latter two. The oscillations due to the propagating secondary instability are damped in the higher Ri cases, as we would expect because of the reduced shear. Except for a brief peak, K S is greatest in the cases with elevated Ri.
We have seen similar results for a sequence with R r 5 2 (not shown). Evidently, in this moderate shear regime, shear disrupts the mixing mechanisms associated with saltsheet instability while contributing very little mixing of its own, even via KH instability. In other words, despite providing an additional energy source, increased shear actually reduces mixing. Kimura et al. (2011) Model parameterizations of small-scale mixing are usually based on an assumption of stationary turbulence, so that mixing rates have no explicit dependence on time. If that condition is valid, one can predict the fluxes conveniently using a single value of the diffusivity. In the present case, the transience of the mixing invalidates this approach.
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A more appropriate choice is to parameterize some measure of the net mixing by the entire event: for example, the time-integrated buoyancy flux across the interfacial layer. One is then left with the problem of determining the frequency of such events, but that is beyond our scope here. The collapse of the saline buoyancy flux evolution by (1) and (15) shown in Fig. 11 suggests a parameterization for the time-integrated flux that may have some generality,
where the constant A is the area under any of the curves shown in Fig. 11b . Values of A for cases B-D (Ri 5 0.18 and R r 5 3.0, 2.0, and 1.6) are 9.5, 12.0, and 9.5, respectively, suggesting that (19) with A 5 10 predicts the time-integrated flux to within 30% for Ri 5 0.18. We can do the same for the three cases in which Ri was varied (Fig.  13) . There, the collapse is trivial because the parameters involved in (1) and (15) do not change. We find that, for cases D-F (R r 5 1.6 and Ri 5 0.18, 0.25, and 0.50), A 5 9.5, 9.9, and 10.6, respectively. The change in A can only result from the difference in Ri among these cases, and it therefore provides a quantitative measure of the effect of background shear. A least squares fit gives A 5 11.34Ri 0.097 . Our representative value of 10 for A remains within 30% over this range of Ri. The exponent 0.097 is comparable to the value 0.17 obtained for the weak shear regime .
In early laboratory experiments on sheared salt fingers, Linden (1974) found a tendency opposite to that seen here-finger fluxes increased with increasing shear-but attributed it to limitations of the apparatus and suggested that there is actually no dependence. The weak Ri dependence found here is not far from Linden's prediction. More recently, Fernandes and Krishnamurti (2010) .) The exponents agree with ours in both sign and approximate magnitude. This is despite differences in fluid properties (Fernandes and Krishnamurti used sugar and salt as solutes) and initial conditions (salt fingers were already established when the shear was turned on).
Evolution of the layer thickness, bulk Richardson number, scale ratio, and density ratio
One manifestation of the fluxes discussed above is in the thickening of the interfacial layer. As noted in the introduction, if the mean profiles thicken such that the length scales of U, B S , and B T remain equal, some aspects of the competition between KH instability and salt sheets are easily predicted. We will now see how that thickening actually proceeds.
The integral scale is a useful measure of thickness for interfacial profiles. The integral scale for the horizontally averaged velocity, for example, is defined by
If u is a hyperbolic tangent profile of the form (6), I U 5 2h as long as h ( L z . By construction, integral scales for all profiles start out equal to 2h (Fig. 14) . The velocity scale increases at a nearly constant rate. The salinity and temperature scales increase slowly in the linear regime, then rapidly as the propagating secondary instability grows, and then slowly again as the flow becomes fully turbulent. The thickness of the net buoyancy profile decreases by about 60% and then remains approximately steady. The vertical line indicates the time of contact with the upper and lower boundaries. Beyond this time, the integral scale must be interpreted with caution as the profiles depart significantly from the hyperbolic tangent form. In this case, though, no particular change in behavior is evident, suggesting that the integral scale remains a useful measure of layer thickness. We now move beyond the case R r 5 2 (case C) and look at the dependence of the integral scale for buoyancy on R r . Figure 15a shows the evolution of I b for four cases over which R r varies from 1.6 (solid) to 25 (dotted). The dotted and dashed-dotted curves (R r 5 25 and 3, respectively) represent cases where double diffusion is weak or nonexistent. In these cases, the buoyancy interface thickens as expected in shear-driven mixing. In contrast, salt sheets are dominant in the cases R r 5 2 (dashed curve; cf. solid in Fig. 14) and R r 5 1.6 (solid), and the buoyancy interface thins.
The evolution of the interfacial layer thicknesses as shown in Figs. 14 and 15a implies changes in the associated bulk values of the three parameters that control shear and double-diffusive instability: the Richardson number, the velocity-density scale ratio, and the density ratio. These evolve as 
, and
respectively. The central Richardson number increases in all cases, but especially fast in the cases dominated by salt sheets (where the increase is due both to shear layer thickening and stratified layer thinning). In all cases, Ri(t) eventually exceeds 0.32, the approximate value where turbulence due to shear instability begins to decay (Thorpe 1971; Smyth and Moum 2000b) . The quick and dramatic passing of this value in the low R r cases no doubt accounts for the rapid quenching of KH instability. When the scale ratio R exceeds 2 (Fig. 15c) , KH instability may be supplanted by Holmboe instability, even if Ri is large (Alexakis 2005) . The growth of R in the double-diffusive cases suggests that Holmboe instability could play a role in the late evolution of the interfacial layer. A hint of this is evident on close inspection of Fig. 2 . Although the Holmboe instability criterion R . 2 for parallel, hyperbolic tangent flow profiles is only marginally satisfied at that stage, deviations from the standard form can alter that criterion. We have seen an example in the growth of the propagating secondary instability (section 3).
In the introduction, we noted that, if salinity and temperature mixed such that I bS and I bT remained equal, R r would remain constant. Figure 15d shows that this is not quite true. In the cases where R r is small enough to allow salt-sheet instability, it grows over time, from 1.6 to 2.3, from 2.0 to 3.0, and from 3.0 to 3.7. These changes make the interface somewhat less susceptible to salt sheets. In the case shown by the dotted curve, R r started off at 1/t 5 25, marginally too large to allow salt-sheet instability, and then decreased slightly to 23. This decrease renders salt-sheet mode marginally unstable, though no such instability is evident. These results are consistent with our previous observation that salt sheets dominate in the cases with R r # 2, whereas KH dominates when R r $ 2. This result pertains, of course, to flows where Ri 5 0.18 and the Reynolds number is not particularly large. The competition between the two instabilities could come out differently in other regions of parameter space.
In Fig. 16 , we examine the influence of Ri by comparing case D (R r 5 1.6 and Ri 5 0.18) with cases E and F, in which Ri is increased enough to remove the effect of KH instability and to greatly decrease the effect of shear on salt sheets in the nonlinear regime. Increasing Ri (or reducing shear) increases the thinning of the buoyancy layer by a few tens of percent. We conclude that shear, via a variety of effects including KH instability, impedes the thinning of the buoyancy layer by salt sheets.
The effect of shear on the evolution of the bulk Richardson number (Fig. 16b) is more pronounced. In case B, Ri starts off at its initial value 0.18 but quickly increases enough to exceed the KH extinction threshold 0.32 (Thorpe 1971; Smyth and Moum 2000b) . The increase becomes most rapid with the onset of the propagating secondary instability (section 3). In case F, the rise in Ri is the most rapid of all. A similar result holds for the velocitydensity scale ratio R, which starts off at unity in all cases but rises rapidly with secondary instability. The rise is most pronounced in the high Ri case. The likelihood of Holmboe instability developing depends on the combination of R and Ri: increasing R increases the Holmboe growth rate, and increasing Ri decreases the growth rate [at least beyond about Ri ; O(1)] but never extinguishes it entirely.
Finally, the effect of initial Ri on the evolution of R r is slight. In each case, R r increases rapidly to ;2.3 with secondary instability onset and then more slowly after that. Hence, the layer's ability to support double diffusion is reduced somewhat. This tendency is greatest when Ri is large (Fig. 16d, dashed-dotted) .
The dissipation ratio
The dissipation ratio G (Oakey 1985) is useful for distinguishing mixing due to salt fingering from that due to shear-driven turbulence (e.g., McDougall and Ruddick 1992; St. Laurent and Schmitt 1999; Inoue et al. 2008 ),
Here,
are the dissipation rates for thermal buoyancy variance and perturbation kinetic energy, respectively. Angle brackets represent a volume average over a thin layer surrounding the center of the interfacial layer, 2h/4 # z # h/4. It is typically found that G ' 0.2 for sheardriven turbulence, whereas G $ 0.5 for salt fingering (e.g., Hamilton et al. 1989; St. Laurent and Schmitt 1999; Smyth and Kimura 2007) . This expectation is confirmed in the present DNS results. Figure 17a shows G(t) for a sequence of cases with Ri 5 0.18 and R r 51.6 (solid), 2 (dashed), 3 (dasheddotted), and 25 (dotted). In each case, during the initial instability and transition to turbulence, G was highly variable and generally . 0.2 but approached a quasi-steady state in the later stages.
In case A (dotted), R r was too large to allow salt sheets to grow and the mixing was purely shear driven. The equilibrium value has G very close to 0.2 (cf. Smyth et al. 2001) . In the contrasting case D (solid), R r was much smaller and salt-sheet mixing was dominant. In that case, G remains large and approaches an equilibrium value . 0.5. In the intermediate case C (dashed), R r 5 2 and the linear growth rates of KH and salt-sheet instabilities are equal, but we have seen previously that salt sheets dominate the mixing statistics. Consistently with this, G approaches a large value characteristic of salt fingering. The second intermediate case B (dashed-dotted), with R r 5 3, was dominated by KH instability, although salt fingering was present. In this case, G remains large until relatively late in the simulation (t ; 7000 s) but eventually drops to a value near 0.2 consistent with shear-driven mixing.
Observational estimates of G are often made using vertical profiles, so x T and are approximated by their isotropic equivalents, 
(which become exact when the dissipation scales are isotropic). In shear-driven turbulence, gradients can be dominated by the vertical derivative, in which case both x T and can be significantly overestimated (Itsweire et al. 1993; Smyth and Moum 2000a) . In laminar salt fingering, horizontal gradients dominate, so the reverse result is to be expected. In either case, it is reasonable to hope that much of the discrepancy will cancel out when the ratio of x Tz and z is taken in (22) to obtain the approximation G z . This appears to be true in the shear-dominated cases A and B (Fig. 17b) . Instantaneous values fluctuate significantly, but in the eventual equilibrium state G is well approximated by G z . In contrast, G z overestimates G by 50%-100% in the salt-sheet-dominated cases C and D. Similar results have been found by Kimura et al. (2011) in DNS of weakly sheared layers. To see the effect of varying Ri, case D, with R r 5 1.6 and Ri 5 0.18, was repeated at two values of Ri large enough to eliminate KH instability, 0.25 and 0.50 (Fig. 18) . Again, there was considerable fluctuation in the initial stages, with both G and G z generally being larger in the higher Ri cases. As the flows settled down to the quasi-equilibrium state, however, all three converged to the same result, with G near 0.5 (Fig. 18a) and G z about twice that (Fig. 18b) . As with previous mixing statistics (section 4b), the presence of KH instability in the case with Ri 5 0.18 makes virtually no difference; G and G z remain characteristic of salt fingering.
Dependence on diffusivity and aspect ratios
The diffusivity ratio t and the aspect ratio m together determine the memory needed for DNS. The smallest scale that must be resolved is the saline Batchelor scale, proportional to t 1/2 , whereas the layer thickness, and hence the domain size, is proportional to m
21
. In the present study, t exceeds the value for saltwater by a factor of 4; hence, t 1/2 is too large by a factor of 2. The aspect ratio corresponds to an interfacial layer with thickness on the order of 1 m, whereas a typical oceanic value is 2-5 m (Kunze 2003) . In more general flow geometries, breaking internal waves could generate shear layers even thicker than this. To attain true oceanic values will therefore require at least (2 3 2) 3 5 64 times the memory used here, a requirement that is not far from being met as this is written. Here, we describe a brief sequence of experiments designed to provide a glimpse of the results when t and m take more realistic values.
The effect of t is straightforward: reducing its value enhances double-diffusive mixing processes. Figure 19 shows the saline diffusivity for two cases. In the first (dashed curve), t 5 0.01, the value for seawater. In the second (solid), t is artificially increased to 0.04 as has been done for all other cases considered here. To save processing time, the domain width L y was reduced to 2l S for both of these runs. (The difference due to this change is minor, as we have confirmed via comparison of cases Ct04 and C.) The maximum diffusivity is higher by a factor of 2-3 when t 5 0.01; that is, the artifice of increasing t tends to weaken the salt-sheet instability that drives the salt flux.
This result is in accord with the previous DNS of Kimura and Smyth (2007) .
The dependence on m is less obvious. Recall that m is the ratio of salt-sheet wavelength to layer thickness, and it is proportional to Re
. When m is decreased (with Ri fixed), the central region is dominated by a persistent KH billow (Fig. 20) . Salt sheets are relegated to the relatively weak double-diffusive gradients remaining at the outer edges of the layer.
The tendency for KH modes to dominate with decreasing m is also evident in the saline diffusivity (Fig. 21) . Early in the evolution, K S is relatively large in the low m case because of the large KH instability (dashed-dotted curve, 1000 s , t , 2000 s). Later, however, there is no sign of the increased diffusivity because of the propagating mode, as is evident in case C and even more so in case Cm13 (with increased m). This is consistent with the result shown in Fig. 20 and indicates that, in a thicker interface, enhanced KH instability tends to mix out salt sheets and their resulting propagating modes, thereby leading to reduced diffusivity.
Although we do not show it here, reduced m also reduces the tendency for the stratified layer to become thinner and likewise the increase in the scale ratio R. These tendencies are opposite when t is reduced to 0.01, because that change reinforces salt sheets. 
Conclusions
Our goal has been to capture the effect of shear on salt fingering over a realistic range of R r , with Ri small enough to allow KH instability. Periodicity intervals in the horizontal directions have been chosen just large enough to accommodate the largest-scale instabilities based on previous theoretical work. Economy has been essential in these choices, because the spatial resolution requirement for salinity, even with t increased to 0.04, is severe.
The case we have focused most on had initial layer half thickness h 5 0.16 m. This half-layer thickness is smaller than observations [in staircases, O(1 m) is typical; e.g., Kunze 2003 ], but it quickly expands (Fig. 14) . At t 5 0, we assume that the interface has a simple hyperbolic tangent form, with temperature, salinity, and horizontal velocity all changing over the same vertical distance. There is no particular reason to assume that these length scales are all the same. Observations (Gregg and Sanford 1987) do not rule out a factor of 2 difference, which could lead to a different class of shear instabilities (Holmboe instead of KH). Nonetheless, the assumption of equal scales is the simplest place to begin. Given enough time, the flow might evolve to a stationary state with realistic mean profiles, but vertically propagating disturbances eventually reach the upper and lower boundaries and the resulting unphysical effects propagate into the interfacial layer not long afterward, limiting the duration over which results are meaningful.
In summary, we simulate a relatively thin interface evolving over a limited time from an initial condition that may never actually be realized in the ocean. Despite these limitations, our DNS have revealed a rich interplay between shear and double-diffusive effects that we believe provides insight applicable to observed thermohaline staircases and other salt-fingering regimes in the thermocline. They also form a foundation for future studies where the ongoing growth of computational hardware will allow more realistic parameter choices.
Subject to the foregoing caveats, we offer the following conclusions: 1) In a vertically localized layer with stratification unstable to salt fingering (1 , R r , 1/t) and moderate shear (Ri , 1 /4, but not by much), both salt-sheet and KH instability mechanisms operate. Either can dominate, depending mainly on the values of Ri and R r . Each mechanism has one or more characteristic secondary instabilities (zigzag and tip modes for SS and KP mode for KH), and these various modes can combine at finite amplitude to create new flow features. 2) A new secondary instability is driven by the combination of KH billows and salt sheets: buoyant fluid near the tips of salt sheets develops a highly localized propagating instability due to the straining of currents surrounding the KH billows. This can excite streamwise dependence on a wide range of scales, leading to both oscillatory features on the scale of the billow and small-scale plumes related to the tip mode. 3) After the transition to turbulence, mixing statistics may be dominated by either the KH or the SS mechanism. In the former case, the turbulence has downward buoyancy flux characteristic of shear forcing; in the latter, the buoyancy flux is upward because of convective forcing. The case where the linear growth rates of KH and SS are equal is dominated by SS, because Ri grows more rapidly than R r . 4) Fluxes across the interface are reasonably well described by laboratory-based ''thin layer'' laws. This, in combination with the fact that the duration of the event scales well with the e-folding time of the primary instability, allows parameterization of the net (time integrated) buoyancy flux across the interface. 5) Turbulent diffusivities decrease monotonically with increasing shear, despite the additional source of kinetic energy for mixing that shear represents. This has significant implications for the design of subgrid models used to model a wide range of phenomena, from finescale interleaving (e.g., Smyth and Ruddick 2010) to basin-scale circulations (e.g., Large et al. 1994 ). 6) For the case with equal linear growth rates, the flux ratio g exhibits combined effects of shear and double-diffusive forcing early in the flow evolution. After the flow becomes turbulent, g asymptotes to a value remarkably close to the prediction of linear theory for the fastest-growing salt-sheet mode. 7) Like g, the Schmidt number (ratio of effective viscosity to effective saline diffusivity) shows early influences of KH and salt-sheet instabilities and then returns to a near-linear value in the turbulent regime. The smallness of these values [Sc ; O(10
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) or less] confirms earlier predictions that salt sheets are ''slippery''; that is, they are poor conductors of momentum. We note that this result pertains to the case of a steady background shear; an evolving shear might be impacted differently. Of particular relevance is the case of inertially rotating shear (e.g., Kunze 1990) . In this case, instability evolution is likely to be sensitive to the periodic boundary conditions and may require a significantly larger horizontal domain as a result. This case is deferred to a future study. 8) As the salinity and temperature profiles thicken because of mixing, the density profile thins. This is consistent with the explanation for the maintenance of thermohaline staircases by Schmitt (1994) . Mixing also leads to changes in the bulk Richardson number, the velocity-density scale ratio, and the density ratio that explain how the KH and salt-sheet mechanisms evolve over time. The increase in the scale ratio (largely due to the thinning of the buoyancy profile) emphasizes the potential importance of Holmboe-like (oscillatory) instability (e.g., Holmboe 1962; Alexakis 2005; Smyth et al. 2007 ) in thermohaline staircases. 9) The dissipation ratio G asymptotes to a value close to 0.2 when shear forcing is dominant. When salt sheets dominate, G . 0.5. This supports the use of G as a diagnostic to identify observed mixing events (e.g., St. Laurent and Schmitt 1999; Inoue et al. 2008 ). 10) When mixing is dominated by salt sheets, the isotropic approximation used in interpreting profiler data gives G too large by a factor of 1.5-2. This unexpected result (see also Kimura et al. 2011) suggests that the interpretation of oceanic measurements using G z may need to be revisited.
As computational resources expand to allow more realistic simulations, the competition between shear and double-diffusive mixing will be altered. Reduction of t to its oceanic value will favor salt sheets; increased layer thickness will favor shear instability. Which mixing process will dominate for given values of Ri and R r remains to be seen, but present results suggest that salt-sheet effects will overwhelm shear forcing for Ri ; 0.18 or greater and for R r ; 2 or less. The ultimate effect of these changes on mixing also remains to be determined.
